Note of Prof. Giorgio E. O. Giacaglia
This work is a digitalized version of the original manuscript written in co-authorship with Dr. Claus Oesterwinter, a Scientist at the former Naval Weapons Laboratory, Dahlgren, VA, in the late 60's.
The paper remained unpublished due to the death of Dr. Oesterwinter and no additions or alterations were made. I believe it is my duty to honour his memory as a great scientist who was my dear friend and colleague and who gave major contributions to the dynamics of the U.S. Polaris Project.
It is believed that, in view of recent close approaches of asteroids, this work may add an additional tool for sky-watchers dealing with hazardous events.
AN ALGORITHM FOR THE IMPROVEMENT OF ASTEROIDS ORBITS THROUGH PHOTOGRAFIC OBSERVATIONS

Abstract. The algorithm described herein is designed for the correction of asteroid orbits, through
the use of photographic observations and processing of complex formulae. In composing this set of formulae, an attempt was made to achieve some simplicity in logic as well minimum assumptions and restriction. Consequently, aberration is circumvented altogether, and parallax is taken care of through the use of rigorous topocentric coordinates. In addition, the "rigorous" equations for precession were employed. The one assumption being made here is that of linearity of the changes in the observed place of the asteroid with respect to changes in the initial conditions. Justification of this assumption is usually assured by judicious operation in the computer program. The truncated nature of the integration formulae is no restriction; they can always be made compatible with the most accurate of observations.
METHOD
In giving a brief description of the method, no attention will be paid to the fact that the actual calculations are made with a number of observations. How to read these equations for a number n of observations is explained briefly at the end of this paper.
be a symbolic vector, having as its components the observed position of the asteroid in right ascension and declination respectively, on a plate take at time T, where T the number of Julian Centuries since JD 2451545.0. Evidently
That is to say, D is a function of the position of the asteroid at time t only (t is the time at which the light leaves the asteroid). D , of course, also depends on the position of the observer at time T, but his motion is assumed to be known. Since one can express   00 00
, , r r r r t       where 00 r  and 00 r   are the initial conditions sought, Eq. (1) may be written as
However, t is not a variable independent of 00 r  and 00 r   , but it depends on these quantities and also of known time T. Hence, Eq. (2) may be written as
Similarly, the computed position can be put in the form 
or, using Eq. (4),
Equation (6) 
is really a 3x1 matrix, or a row vector. Equation (6) may then be written as
where it is defined
So that Eq. (7) may be written as
an equation of condition. Now, multiply all term in Eq. (8) by a 4x4 weight matrix W, i.e.
WAC WD 
The weight matrix is a diagonal matrix with weights along the main diagonal, since the observations are considered to be mutually independent. If no weight is available or required, W is an identity matrix. The normal equations are formed by multiplying the last equation by 
COMPUTATION OF THE ORBIT
It is assumed that the actual computation of the orbit is obtained by Cowell method of integration. The reference frame is chosen to be the ecliptic and heliocentric, referred to the mean ecliptic an equinox at E0. For convenience it is chosen E0 =1950.0 so that the coordinates of the perturbing planets may be used as given in Planetary Coordinates. It will be considered that the formulae for the numerical integration are available and that the operator has carefully chosen the perturbing planets to be considered, the integration interval and the order of the process (number of differences to be carried), all of this consistent with the required accuracy and the time span of the observations. Suppose the approximate orbit is given by the initial conditions
If not so furnished, it will be advantageous to take 0 
This overlap is necessary because of subsequent interpolations. The number 10 is somewhat arbitrary; it was chosen so that even a 10-point interpolation formula near max T can be accomplished.
By a suitable interpolation formula one can now obtain all ( ) 
where ε is the mean obliquity of the ecliptic at time 0 E .
Next, the geocentric equatorial position st r  of the observing station is given by 
However, this is certainly not the vector   which is needed. It will be necessary to obtain a vector from the Earth at i T to the asteroid at i t . In order to do this, calculate
where c is the speed of light and   , the first time (13) 
and iterate between the interpolation procedure and here, until i t , given by (13), no longer changes within the precision established. The final i t will also be used instead of i T (whenever appropriate) in the next orbit improvement cycle. 
Solving for α and δ, Eq. (17) 
Finally, the residuals are 
It is not immediately obvious how these partials should be obtained. A completely analytic "rigorous" development, of course, is not possible, since it would require the perturbed orbit of the asteroid to be a known function of time. The numerical approach requires an elaborated technique.
Two possible methods will be discussed. However the numerical method will be recommended for the present purpose. 
The different members in the right-hand side of Eq. (14), (17) and (18 
The first one namely 
The interesting factors are, of course, 
Where U and V are Danby´s notation for these matrices. Formulae for the calculation of U and V are given by Danby at p. 298.
One would think that this method could conceivably be rather powerful. However, there appear to be no safe way to determine under which conditions Keplerian partials will suffice short of a very exhaustive study. Since such a study goes far beyond the scope of this work, it is suggested to obtain the A-Matrix completely numerically. There is, however, a relatively simple process which should be available to provide convergence under more difficult conditions. Suppose one first improves the initial conditions by using only observations between TMIN and TK. One then adds another ∆T (Figure 1 ) to the data span and repeats the process, etc. The advantages of this approach are self-evident. 
SOLUTION WITH n OBSERVATIONS
Considering the method at the beginning of this work, no account was taken of the fact that the solution will be made with n observations. This is easily accomplished by writing in place of Eq. (7). 
